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ABSTRACT
The paper studied the matters of solvability of the second order operator differential equations with multiple
characteristics on the semi-axis. In the space of Sobolev type W>? (R+ ; H) identified conditions that ensured the
unigue and well-posed solvability are of the considered equation which is cleared by its operator coefficients

KEYWORDS: solvability condition, boundary-value problem, Hilbert space, self-adjoint operator, Sobolev
type W22 (R+; H).

INTRODUCTION
In aseparable Hilbert Space H, we consider a polynomial operator pencil of the second order
P(1) = (AE + A)? + 24,, Q)
Where E is the identity operator, A is a self-adjoin positively defined operator, and A,, A,are linear operator
unbounded. This equation can associate a polynomial pencil

Q(5)u® = f© @

In space L, (R;H), we denote by L, (R;H)(see. [1]) Hilbert space of all vector valued functions defined in R+ =
[0,+00) with values ion H, which have the norm

+o0 1/2
Wl oy = <f Ilf Ol dt) < oo,
0

Now we introduce the following set:

WE(R;H) = {u(t):d2 ©

u
dt?

€ L,(R; H), A>u(t) € L,(R; H)}.

With the norm
d?ul|’

1/2
2
dt? + “Azu”Lz([a,b]:h)> :

lellwz qapymy = (
Ly ([a,b]:h)

MAIN RESULTS
Definition 1. If f(t) € L,(R; H) there exists vector valued function u(t) € w2(R; H), satisfying equation (2)
almost everywhere, then it is called a regular solution of equation (2).

Definition 2. If for any f(t) € L,(R; H) there exists a regular solution u(t) of equation (2), and holds the
inequality.
||u”W22(R;H) < ConSt”f“Lz(R;H)

Then we will call the equation (2) regularly solvable.

In the paper we will get the conditions, expressed in the operator coefficients of equation (1), we proved the
regular solvability of equation (2).

Let's introduce the following notations. Calling Q,and Q,the operators acting from the space w2(R; H)as
follows:
d
Qou(t) = (7 + A)?u®), u(t) € wi(Ry; H)
du(t)
dt

Qu(t) =B ,u(t) € wi(Ry; H)

Theorem 1. The operator Q,is an isomorphism from the space w2 (R; H) to the space L,(R; H)
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Proof. Taking into account the theorem of intermediate derivatives [2], it is easy to prove that the operator Qo
acts from wZ(R; H)to L,(R; H) be bounded. Using Fourier transforms for the equation Quu(t) = f(t), f(t) €
L,(R; H),u(t) € w2(R,; H) , we obtain
] (EE + A)*(E) = £ (©),
where %i(§) , f(&) Fourier transform for the functions u(t), f(t), respectively the operator pencil (i éE +A)? is
invertible and moreover
()= EE+A)?£ (D). (3)

Hence,
u(t) = — [ (i + A)'Z[j f (s)eié‘dsJeié‘dg  teR.
0

we show that u(t) € w 4(R+; H) . by using the parseval equality and (3), we obtain
2

2 d2U 2
HLI WZZ(R+;H): dt? +HA LR, ;H -
LR, ;H
, 2 P 7 2
--¢ug) AU -
L.R.i") L.R.H)

_ —é’z(igE+A)2f(()” HA iCE+A)” 1‘ JL(R.iH)<

<supH “(icE+A) H Hf( ]‘Lz RyH)"

+84L:£HA2(iéE+A)_ H L% . ©

From the spectral decomposition of the operator A ( denoting by o(A) the spectrum of operator A) for { € R
we have

H_é’2(i4’E+ A)‘ZHZ?EU(A)‘_é,z(igﬂl)—z‘g

2

c

<Su <1, (5)
uev(e)é/ +,uz
|AGicE+A)?) = sup| “(ig+p)7?|<
2 uea(A)
<sup Z’U <L (6)
#EJ(A)é' + U

Taking into account (5) and (6) into (4) we obtain :

Hull \2N2 < ” f (é/mi_z(R;H) = 2” f (t)|i_2(R+;H)
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. Consequently, u(t)Wi (R+; H ) . We finish the proof of the theorem by taking into account the
Banach theorem of theinverseoperator.

Theorem 2. Let the operators Aj ,A\_j , J =1,2are bounded on H .Then The operator Q1 acting from the

space Wi(Rﬁ H) to LZ(R+; H ) is bounded.

Proof. Since u(t) € Wﬁ (R+; H ) then bu applying the theorem on intermediate derives [2] we have
du
dt
< C0n5f||u||W22(R+;H)

<
Lz(Ry;H)

A

NQ1ullL, gy < A1 A | yon

The theorem is proved

Theorem (1) show that the norm [|Qull,,(z,;m €quivalent in W£(R,; H)to the norm ||u||sz(R+;H) therefore, by

L d3— iy

. . . . _ j -1 H
theorem of intermediate derivatives [2] the number Ny = supg.y2 s, .n) ||A prEny ||LZ(R+;H) 1Qoull™ , x, 1) 19

finite.
Let us estimate these values
Theorem 3.

N; < c;wherec; = >

Proof
Let Qou(t) = f(t)and using the Fourier transform we obtain

14 GHGEE + D2FON, o,y < Supeerlld GIEE+ A2 NaonllFON, oy @

Taking into account the spectral decomposition of operator A, we estimate for & € R the following norms:

HA (ig)icE+A)” =SU(E))‘# (ig“)(i§+y)*2‘s

)72

Ssup 1)=C1 (®)

4

t:—ZZO

U
Substituting from (8) in (7), we have

|A () e+ A 21 (2)] <c,

<c|f
L(R.H) ©)

‘LZ(RJH

Avre equivalent in its turn to the inequalities

AM <c,|Q,u

dt L.(R.:H)

‘LZ(R+:H) ’

The theorem is proved.
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Theorem 4. Let the operators A“A_l defined in  Theorem3. Then equation inequality
S|AAT

Poof .Cleary that equation (2) can be Written as

Qou(t) +Qlu(t) = f(b), )
Where f(t) e LZ(R+; H ) u(t) eWi R.:H . The operator Qo by Theorem (1) there exists a bounded

<1, Where C. is defined in Theorem 3. Then the equation (2) regularly solvable.
H-H

inverse, which acts from LZ(R+; H )withinWE(R+; H) . Then after replacing Qou(t) = v(t) equation
(9) can be written as

(E+Q,Q, ) = (1)

-1
Now we prove under the theorem conditions that the norm HQlQO
LRHPLIRH)

. adv
dt L.(R.:)

<1.

By theorem (3), we have

HQleV LR HQlu

<

‘LJR;H) = HA A

-1
<ZC11 AlAlHH%H QO ‘LZ(RH) ¢ H—H ||V||L2(R+?H)
Consequently,
-1
HQ Q R H)ﬁL R.: H HA’LA H—H

Thus, the operator E +Q1Q;l is invertible in LZ(R+; H) and hence u(t) can be determined by u(t)=
-1
-1 -1
QO (E + QlQO j f (t) , moreover
i <IP:
” |K/\/§(R+;H) P,

(£-QQ/,

< const] || L(R.#)

f
LAR.HPWER,H LR ” LR
The theorem is proved.
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